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Electromagnetic Fields Chapter 1: Vector Analysis

VECTOR ANALYSIS

1.1 INTRODUCTION:

Electromagnetics (EM): may be regarded as the study of the interactions between electric charges at

rest and in motion. It entails the analysis, synthesis, physical interpretation, and application of
electric and magnetic fields.

Electromagnetics (EM): is a branch of physics or electrical engineering in which electric and
magnetic phenomena are studied.

EM fields applications in various disciplines such as microwaves, antennas, electric machines,
satellite communications, plasmas, nuclear research, fiber optics, electromagnetic interference and
compatibility, electromechanical energy conversion, radar meteorology, and remote sensing.

EM devices include transformers, electric relays, radio/TV, telephone, electric motors, transmission
lines, waveguides, antennas, optical fibers, radars, and lasers. The design of these devices requires
thorough knowledge of the laws and principles of EM [2].

1.2 SCALARS AND VECTORS QUANTITY:

The scalar refers to a quantity that has only magnitude. The x, y and z in basic algebra, distance,

time, temperature, mass, density, pressure, volume, volume resistivity, voltage (electric potential)
and population are all scalars quantities.

A vector is a quantity that has both a magnitude and a direction in space. Force, velocity,
acceleration, displacement, electric field intensity and a straight line from the positive to the
negative terminal of a storage battery are vectors quantities. Each quantity is characterized by both a
magnitude and a direction. Table (1.1) shows scalar and vector quantities.

Note: The vector are denoted by boldface symbols or large letters with arrow over them, for

example; A, B and C or A, Band C. A scalar is represented simply by a letter; A, B, U, and V [1,2].

Table 1.1 scalar and vector quantities

No | Scalar quantity Symbol Unit Vector quantity Symbol Unit
1 | Distance L m Force F N

2 | Time t S Velocity u m/s
3 | Temperature T C Acceleration a m/s?
4 | Mass m gor kg | Displacement d m

5 | Volume Vv m3 Electric field intensity E V/m
6 | Pressure P N/m? | Electric flux density D C/m?
7 | Charge Q C Current density J A/m?
8 | Electric flux Y C Magnetic field intensity H A/m
9 | Work W J Magnetic flux density B Wb/m?
10 | Voltage % \Y%

11 | Current I A

12 | Magnetic Flux [0} Wb
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1.3 THE CARTESIAN COORDINATE SYSTEM:

In order to describe a vector accurately, some specific lengths, directions, angles, projections, or

components must be given. There are three simple methods of doing this, and about eight or ten
other methods which are useful in very special cases. We are going to use only the three simple
methods, and the simplest of these is the Cartesian, or rectangular, coordinate system.

In the cartesian coordinate system we set up three coordinate axes mutually at right angles to each
other (x, y and z axes). A rotation of the x axis (through the smaller angle) into the y axis would
cause a right-handed screw to progress in the direction of the z axis. If the right hand is used, then
the thumb, forefinger, and middle finger may be identified, respectively, as the x, y and z axes.

Figure (1.1) shows a right-handed cartesian coordinate system.

A general point P is located by giving its x, y and z coordinates. These are, respectively, the
distances from the origin to the intersection of a perpendicular dropped from the point to the x,
y and z axes. An alternative method of interpreting coordinate values, that which must be used in
all other coordinate systems, is to consider the point as being at the common intersection of three
surfaces, the planes x = const., y = const., and z = const., the constants being the coordinate

values of the point [1].
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Fig. 1.1 a right-handed Cartesian coordinate system.
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P(1, 2, 3)

A

Fig. 1.2 points P and Q whose coordinates are (1,2, 3) and (2, —2, 1), respectively.

e Point P is located at the common point of intersection of the planesx =1,y =2andz = 3

e Point Q is located at the common point of intersection of the planes x = 2, y = —-2andz =1

1.4 VECTOR COMPONENTS AND UNIT VECTORS:

If the components vector of the vector A are x, y and z, then, A = x + y 4+ z. The component

vectors have magnitudes which depend on the given vector (such as A above), but each have a

known and constant direction. The component vectors are shown in Figure (1.3) [1].

*

yA

V'd A=x+y+z

Fig 1.3 the component vectors x, y and z of vector A.

A vector A has both magnitude and direction. The magnitude of A is a scalar written as A or |A].
The unit vector of any vector is denoted by a with subscript of vector symbol and it’s the direction
of that vector.
A unit vectors a, in the direction of the vector A is defined as a vector whose magnitude is unity
(i.e. 1) and its direction is along A [2].
Let, any vectors such as A and B may be described respectively by:

A=Aa,+4,a,+4,a, : B = Bya, + Bya, + B,a,

The magnitude of any vector A or B are scalar and written as |A|[, |B| or simply A, B is given by:

Al =4 = \/sz +A4,°+4,> and |B|=B= \/sz +B,* + B,
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The components vector B are:
e B.a, e Bya, e B,a,.
Thus, a,, a, and a, are the unit vectors in the x, y and z axes in the Cartesian coordinate system,

as shown in Figure (1.4).

Fig. 1.4 the unit vectors of the Cartesian coordinate system

A unit vector in a given direction is merely a vector in that direction divided by its magnitude.

A unit vector in the direction of the vector B is:

B B
aB:—:

IBl \/BZ + BZ + B2

1.5 POSITION AND DISTANCE VECTORS:

The position vector: rp (radius vector) of point P is as the directed distance from the origin 0

to the point P.
rp = Rpp = (x —0)a, + (y — 0)a, + (z — 0)a, = xa, + y2a, + z3a,

A vector rp pointing from the origin to the point P (1,2, 3) is written as:
r, = Rpp = (1 —0)a, +(2-0)a, + (3—-0)a, =a, +2a, +3a,

The distance vector: (or separation vector) is the displacement from one point to another.
The vector from point P(xp, yp, zp) to point Q(xq, ¥, Zg) May be obtained by applying the rule of

vector addition and subtraction. This rule shows that the vector from the origin to P plus the vector

from P to Q is equal to the vector from the origin to Q [2].

Rpo =Ty —1p = (xg — xp)a, + (yo — yp)a, + (2o — 2p)a,

The vectors rp, 1y and Rpqy are shown in Figure (1.5). The desired vector from P(1,2,3) to

Q(2,—2,1) is therefore.

Rpg=r9—-1p,=(2—-1Da, +(-2-2)a, +(1-3)a, =a, —4a, — 2a,
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If we are discussing a force vector, F. The component scalars are F,, F, and F,. We may then write,
F = F.a, + F,a, + F;a,. The component vectors are F,a,, F,a, and F,a,.

Where, F,, F, and F, as a function of x, y and z in the cartesian coordinate system [1].

.
******** /o P23
Reo—— 1" /4
A 1
o - >
o” // S . : y
Q(2)'2|1) ¥ ’/ rQ E

Fig. 1.5 the vector Rp,, is equal to the vector difference ry, — rp

1.6 THE VECTOR FIELD:

A vector field: is defined as a vector function of a position vector. In general, the magnitude and

the direction of the function will change as we move throughout the region, and the value of the
vector function must be determined by using the coordinate values of the point. Since we have
considered the Cartesian coordinate system, we should expect the vector to be a function of the
variables x, y and z.

If we represent the position vector as, r, then a vector field G can be expressed in functional
notation as G(r); a scalar field T is written as T (r).

The velocity vector may be written as:
V =vea, +vya, + v,a,; or  V(r) =v(r)a, + vy(r)a, + v,(r)a,;

Each of components v, v, and v, may be a function of the variables x, y and z [1].
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1.7 VECTOR ALGEBRA

With the definitions of vectors and vector fields now accomplished, we may proceed to define the
rules of vector arithmetic, vector algebra, and (later) of vector calculus. Some of the rules will be
similar to those of scalar algebra, some will differ slightly, and some will be entirely new and

strange. Vector algebra has set of rules.

1.7.1 ADDITION OF VECTORS
Vectorial addition follows the parallelogram law, and this is easily, if inaccurately, accomplished
graphically. Figure (1.6) shows the sum of two vectors, if the two vectors are:
A=Aya, +4ya, +4,a,
B = B.a, + Bya, + B,a,
A+B=(4,a, +Aya, + A,a,) + (Bya, + Bya, + B,a,).
A+B=[(A, +Bya, + (4, + By)a, + (4, + By)a,].
e Vector addition obeys the commutative law; A+B=B+A
e Vector addition obeys the associative law; A+(B+C)=(A+B)+C

B
A
px®

Fig. 1.6 two vectors may be added graphically

1.7.2 SUBTRACTION OF VECTORS

The rule for the subtraction of vectors follows easily from that for addition, for we may always
express A — B as A + (—B); the sign, or direction, of the second vector is reversed, and this vector
is then added to the first by the rule for vector addition.

A-B=(4,a, +Aya, +A,a,) — (Bya, + Bya, + B,a,).

A —B=[(Ay — By)a, + (4, — By)a, + (A, — B,)a,].

Notes:

1. Multiplication of a vector by a scalar:

Vectors may be multiplied by scalars. The magnitude of the vector changes, but its direction does
not when the scalar is positive, although it reverses direction when multiplied by a negative scalar.
Multiplication of a vector by a scalar obeys

e the associative and o distributive laws.
k(A+B) =kA+ kB and (@ +s)(A+B)=r(A+B)+s(A+B)=rA+rB+sA+sB
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2. Division of a vector by a scalar:

Division of a vector by a scalar is merely multiplication by the reciprocal of that scalar.

3. Coplanar vectors:

Coplanar vectors are vectors lying in a common plane, such as shown in Figure (1.6), which both lie
in the plane of the paper, may also be added by expressing each vector in terms of “horizontal” and

"vertical" components and adding the corresponding components. A + B

4. Equal vectors:

The two vectors are said to be equal if their difference is zero,or A=B if A—B=0.

1.7.3 MULTIPLICATION OF VECTORS
1.7.3.1 THE DOT PRODUCT:

The dot product, or scalar product of two vectors A and B, is defined as the product of the

magnitude of A, the magnitude of B, and the cosine of the smaller angle (8) between them, or
A.B = |A||B|cosf

e the dot, or scalar, product is a scalar, A .Bisread “A dot B”.
e it obeys the commutative law, A.B=B.A
e it also obeys the distributive law, A.B+C)=A.B+A.C
Since the angle between two different unit vectors of the Cartesian coordinate system is 90°, we
then have
e a,a,=0 e a,a, =1
° ay-az:() ° ay.ay=1
e a,a,=0 e a,a,=1

Giving finally, an expression involving no angles:
A.B=A,B,+A,B, +A,B,
A vector dotted with itself yields the magnitude squared, or A.A=A%=|A)?
and any unit vector dotted with itself is unity, az.a,=1
One of the most important applications of the dot product is that of finding the component of a
vector in a given direction. Referring to Figure (1.7a), we can obtain the component (scalar) of B
in the direction specified by the unit vector a as
B.a = |B||alcos @ = |B| cos @
The sign of the component is positive if 0 < 6 < 90° and negative whenever 90° < 6 < 180°.
In order to obtain the component vector of B in the direction of a, we simply multiply the

component (scalar) by a, as illustrated by Figure (1.7b).
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For example, the component of vector B in the direction of a, is B.a, = B, and the component
vector is B, a,, or (B.a,)a,.
The geometrical term projection is also used with the dot product. Thus, B .a, is the projection of B

in the a direction [1].

S A T a_/ ¥ -

a/
I(—B(.;l—)l k—(B.ba)a—pl
a (b)

Fig. 1.7 (a) the scalar component of B in the direction of the unit vector ais B .a

(b) the vector component of B in the direction of unit vector a is (B .a)a.

1.7.3.2 THE CROSS PRODUCT:

The cross product, or vector product, of two vectors A and B, written with a cross between the two

vectors as (A X B).

e the cross product A x B is a vector; (A x B) read “A cross B”.

e itis not commutative; AXB#BXA or AXB=—-(BXA)
e itisnot associative; AX(BxC)+ (AxB)xC

e itisdistributive; AX(B+C =AxB+AXxC

e the magnitude of A x B is equal to the product of the magnitude of A, the magnitude of B

and the sine of the smaller angle (6) between A and B;
|A x B| = |A||B]|sin 8

e the direction of A X B is perpendicular to the plane containing A and B and is along that one
of the two possible perpendiculars which is in the direction of advance of a right-handed

screw as A is turned into B, as shown in Figure (1.8).
A X B = ay|A||B|sin6

Where ay is a unit vector normal to the plane determined by A and B when they are drawn from a

common point.
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B

1.\»(!9

Fig. 1.8 the direction of A x B is in the direction of advance of a right-handed screw as A is turned
into B.

If the definition of the cross product is applied to the unit vectors a,, a,, and a,, we find.

e a,Xay,=a, e a,Xa,=-—a, e a,Xxa,=0
e a,xa,=a, e a,xa,=-—a, e a,xa,=0
e a,xa,=a, e a,Xa,=-a, e a,xa, =0
a, o,
a, a, 8 a
: & ':\_/‘r
a, a,
ta) (b)

Fig. 1.9 cross product using cyclic permutation: (a) moving clockwise leads to positive results:
(b) moving counterclockwise leads to negative results.

The evaluation of a cross product by means of its definition. This work may be avoided by using
Cartesian components for the two vectors A and B and expanding the cross product as a sum of nine
simpler cross products, each involving two unit vectors,
A xB = A,B,(a, xa,) + A,By(a, xa,) + A,B,(a,y x a,)
+A,B.(a, xa,) + A,B,(a, xa,) + A4,B,(a, x a,)
+4,B,(a, X a,) + 4,B,(a, xa,) + 4,B,(a, x a,)

These results may be combined to give
AXxB=(A,B, —A,By)a, + (A,B, — A;B;)a, + (A,B, — A,B,)a,

Or written as a determinant in a more easily remembered form [1,2].
a, a, a,
AXxXB= Ax Ay Az

B, B, B,
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1.7.3.3 SCALAR TRIPLE PRODUCT
Given three vectors A, B, and C, we define the scalar triple product as

A.(BXxC)=B.(CxA)=C.(AxB)

If A=A,a,+A,a,+A,a,, B=DBa,+Bja,+B,a,, and C=C,a, +Cya, + C,a,, then
A . (B x C) is the volume of a parallelepiped having A, B, and C as edges and is easily obtained by
finding the determinant of the 3 x 3 matrix formed by A, B, and C; that is,

Ay Ay, A,

A(BXC): Bx By Bz
Ce €, G

Since the result of this vector multiplication is scalar, equations above are called the scalar triple
product [2].

1.7.3.4VECTOR TRIPLE PRODUCT:
For vectors A, B, and C, we define the vector triple product as

Ax(BxC)=B(A.C)—C(A.B)

Obtained using the "bac-cab™ rule. It should be noted that
(A.B)C # A(B.C)
But
(A.B)C=C(A.B)

Example 1.1:]1]
Specify the unit vector extending from the origin toward the point G(2, -2, —1).

Solution:

We first construct the vector extending from the origin to point G,

G = 2a, — 2a, —a,

The magnitude of vector Gis |G| = /22 + (—2)%2 + (—1)2 = 3
The unit vector
G 2a,—2a,—a, 2 2

1
aG = — = = —ax - §ay - gaz = 0667ax - 0667ay - 0334az

Example 1.2:[2]
If A= 10a, —4a, + 6a, and B = 2a, + a,, find: (a) the component of A along a,, (b) the

magnitude of 3A — B, (c) a unit vector along A + 2B (d) the component of B along a,.

10
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Solution:

(@) The component of A along a,, is A, = —4.
(b) 3A — B = [3(10a, — 4a, + 6a,) — (2a, + a, )|
3A — B = (30a, — 12a, + 18a,) — (2a, + a,) = 28a, — 13a, + 18a,

the magnitude of 3A—-B = \/282 + (—13)2 + 182 = /1277 = 35.74
(c) Let C=A+ 2B = (10a, — 4a, + 6a,) + 2(2a, +a,) = 14a, — 2a, + 6a,. A unit vector
along C is:
C 14a, — 2a,, + 6a,
RV Ry ey e e

(d) The component of B along a, is B, = 0.

= 0.9113a, — 0.1302a, + 0.3906a,

Example 1.3:[2]
Points P and Q are located at (0, 2,4) and (=3, 1, 5). Calculate
(@) The position vector P (b) The distance vector from P to Q (c) The distance between P and Q (d)

A vector parallel to PQ with magntude of 10.
Solution:
(@ rp =r19p = (0—0)a, + (2—0)a, + (4 —0)a, = 2a, + 4a,
(b)rg =199 = (=3 —-0)a, + (1 — O)ay +(5—-0)a, =—-3a, + a, + 5a,
rpo =TI, —rp = (—3a, +a, + 5a,) — (2a, + 4a,) = —3a, —a, +a,
(© d = |rpg| = (=3)2+ (-2 + (1)2 =11 =331
(d) Let the required vector be A, then A=A.a,

Where A = 10 is the magnitude of A. Since A is parallel to PQ, it must have the same unit vector as

I'pg OF rpp. Hence,

I Ipg :_T_—Bax—ay+az
A7 g 3.31
10(—3a, —a, +a
A=F ( ’; T y*as) = F(—9.04a, — 3.015a,, + 3.015a,)

Example 1.4:[1]
The vector field G = ya, — 2.5xa,, + 3a,, and the point Q (4,5, 2). find: (i) G at Q; (ii) the scalar

component of G at Q in the direction of ay = é(Zax + a, — 2a,); (iii) the vector component of G

at Q in the direction of ay and finally, (iv) the angle 6, between Gy and ay.

Solution:
(i) Substituting the coordinates of point Q into the expression for G, we have

G(¢) = 5a, — 10a,, + 3a,

11
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(if) We find the scalar component. Using the dot product, we have
1 1
G.ay = (5a, — 10a, + 3a,). <§ (2a, +a, — 2az)> = 5(10 —10-6) = -2
(iii) The vector component is obtained by multiplying the scalar component by the unit vector in the
direction of ay:
1
(G.ay).ay = =2 <§ (2a, +a, — Zaz)> = —1.333a, — 0.667a, + 1.333a,

(iv) The angle between G ¢y and ay, is found from

G.ay = |G| cos O,

—2=+V25+100 +9cos 8 = 0, = cos™l—— =99.9°
Ga Ga \/m

Example 1.5:[1]
If A=2a,—3a, +a,; and B= —4a, — 2a, + 5a,; find (i) A.B (ii) A x B and (iii) the angle

between A and B.

Solution:
(i) A.B=(2a,—3a, +a,).(—4a, —2a, + 5a,)
AB=QQ)(FH+(3)2)+1GB)=-8+6+5=3
a, a, a,
(ii) AxB=|2 -3 1
-4 -2 5

A X B =[(-3)(5)-(1)(-2)]ay — [(2)(5) — (D (-D]ay, + [(2)(-2)—(=3(-D]a,
A xB=-13a, — 14a, — 16a,
(iii) A.B = |A||B|cosé
A.B=3
Al = /(2)2 + (=3)2+ (1)2=3.74 and |B| =+/(—4)2 + (=2)2 + (5)2 = 6.7

3 =(3.74)(6.7) cos 0

cos @ = ( > =0.119 = 6 =cos10.119 = 83.16°

(3.74)(6.7)

or |A x B| = |A||B|sin6

|A x B| = /(=13)2 4+ (—=14)2 + (16)2 = 24.9

24.9 = (3.74)(6.7) sin 0
24.9

ind=———__-0993 = @ =sin"1(0.993) = 83.2°
SV = 3.74)(6.7) sin™(0.993)

12
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Example 1.6:][2]

A river flows southeast at 10 km/hr and a boat flows upon it with its bow pointed in the direction

of travel. A man walks upon the deck at 2 km/hr in a direction to the right and perpendicular to the
direction of the boat's movement. Find the velocity of the man with respect to the earth.
Solution:
Consider Figure bellow as illustrating the example. The velocity of the boat is
u, = 10(cos45a, —sin45a,) = 7.071a, — 7.071a,, km/hr
The velocity of the man with respect to the boat (relative velocity) is
u,, = 2(—cos45a, —sin45a,) = —1.414a, — 1.414a, km/hr
Thus the absolute velocity of the man is
Ugp = U, +u, = 5.657a, — 8.485a,,
lug,| = 10.22—56.3°
That is, 10.2 km/hr at 56.3° south of east.

N

W

P
T

v

Example 1.7:[2]
Three field quantities are given by P = 2a, —a,, Q = 2a, —a,, + 2a, and R = 2a, — 3a, + a,

Determine

@P+QXxP-Q)()Q.RxP(c)P.QxR(d)sinbfyg (e) P x (Q XR)

(f) A unit vector perpendicular to both Q and R (g) The component of P along Q

Solution:

(a) P+QxP-Q=Px(P-Q+Qx(P-Q)
=PXP-PXQ+QXP-QxQ=0+QxP+QxP—-0

a, a, a,
=2QxP=2|2 -1 2|=2a,+12a,+4a,
2 0 -1

(b) The only way Q. (R x P) makes sense is

13
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a, a, a,
2 -3 1
2 0 -1
Q.(RxP) =(2a, —a, +2a,).(3a, +4a,+6a,) =6—-4+12 =14
2 -1 2
2 -3 1
2 0 -1

(©) P.(QXR)=Q.(RxP) =14
(d)

Q.(RxP) =(2a, —a, +2a,)

Alternatively: Q.(RXP) = =6+0—-24+12-0—-2=14

QxR
sinfor = TQIR]

a, a, a,
2 -1 2
2 -3 1

|Q X R| =/(5)% + (2)* + (—4)2 = 6.7

QxR= = Sa, + 2a, — 4a,

Ql=vV(2)2+(-12+(2)2=3 and |R| =/(2)2+(-3)2+ (1)2 =3.74
1Q X R| 6.7
QIR ~ 3(B7H
(e) (Q xR) = (5a, + 2a, — 4a,)
a, a, a,

2 0 -1
5 2 -4

(f) A unit vector perpendicular to both Q and R is given by

_ 7 QxR =5ax+2ay—4az
|Q x R| 6.7

(g) The component of P along Q is

= 0.597

sin HQR =

PX (QxR) = = 2a, + 3a, + 4a,

a = F(0.745a, + 0.298a, — 0.596a,)

(P.Q)Q
Q12
[(2a, —a,).(2a, — a, + 2a,)](2a, — a, + 2a,)

(V&P + 02+ @)

PQ = |P| COS HPQ aQ = (P aQ)aQ =

PQ:

2
Po =5 (2a; — ay + 2a,) = 0.444a, — 0.222a, + 0.444a,

14
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1.8 OTHER COORDINATE SYSTEM:
1.8.1 CIRCULAR CYLINDRICAL COORDINATE SYSTEM (p, ¢, 2)

The circular cylindrical coordinate system is very convenient whenever we are dealing with

problems having cylindrical symmetry. A point P in cylindrical coordinates is represented as
(p, ¢, z) shown in Fig. 1.10. Observe Fig. 1.10 define each space variable:

e pisthe radius of the cylinder passing through P or the radial distance from the z-axis;

e ¢ called the azimuthal angle is measured from the x-axis in the xy-plane;

e zisthe same as in the Cartesian coordinate system.
According to these definitions, the ranges of the variables are:

e 0<p<w e 0<¢p<2m o —00<z<®
A vector A in cylindrical coordinates can be written as

A =4,a, +Apay +4,a,

Where a,, a4, and a, are unit vectors in the p, ¢, and z-directions as illustrated in Figure (1.10).
Note that a4 is not in degrees; it assumes the unit vector of A.
For example if a force of 10N acts on a particle in a circular motion, the force may be represented

as F=10a4 N. In this case, ag is in newtons.

The magnitude of vector A is: Al = \/(Ap)z + (4p)?* + (4,)?

Notice that the unit vectors a,, a4, and a, are mutually perpendicular because our coordinate
system is orthogonal; a, points in the direction of increasing p; a4 in the direction of increasing ¢;

and a,, in the positive z-direction. Thus,

e a,a,=0 e aa,=1 * a,Xay=a,
e az.a,=0 * ag.ay =1 e agxa;=a,
e a,a,=0 e a,a,=1 e a,Xa,=ay

Where equations above are obtained in cyclic permutation see Figure (1.9).

a

N

/ R

X

Fig. 1.10 point P and unit vectors in the cylindrical coordinate system.[2]
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1.8.2 THE SPHERICAL COORDINATE SYSTEM (r, 6, ¢)
The spherical coordinate system is most appropriate when dealing with problems having a degree of
spherical symmetry. A point P can be represented as (r, 8, ¢) and is illustrated in Figure (1.11).
From Figure (1.11), we notice that:

e 1 is defined as the distance from the origin to point P or the radius of a sphere centered at the

origin and passing through P;
e 0 called the colatitude is the angle between the z-axis and the position vector of P; and
e ¢ is measured from the x-axis (the same as in cylindrical coordinate system).

According to these definitions, the ranges of the variables are
e 0<r<w e 0<6<m e 0<¢p<2m
A vector A in spherical coordinates may be written as
A = Aya, + Agag + Apay

Where a,, ag, and ay, are unit vectors along the r, 6, and ¢-directions.

The magnitude of vector A is Al = \/(AT)Z + (Ag)* + (Ap)?

The unit vectors a,., ay and a, are mutually orthogonal; a, being directed along the radius or in the

direction of increasing , ag in the direction of increasing 6 and a in the direction of increasing ¢.

Thus
e a,.ay=0 e a,.a,=1 e a,Xag=ay
° ag.a¢=0 e a5.a9=1 * agXay=a,
e az.a, =0 ° ag.a5=1 e a,Xa,=ag

Where equations above are obtained in cyclic permutation see Figure (1.9).[2]

Fig. 1.11 the three spherical coordinates.
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1.9 THE TRANSFORMATION BETWEEN COORDINATES
1.9.1 between Cartesian and cylindrical coordinate systems
The variables of the rectangular and cylindrical coordinate systems are easily related to each other.

With reference to Figure (1.12), we see that
X =pcos¢ : y =psing : z=z

Fig. 1.12 the relationship between the Cartesian variables x, y, z and the cylindrical variables p, ¢, z.

We may express the cylindrical variables in terms of x, y, and z:

p=+x2+y% (p=0) : cp:tan_l% : z=1z
A vector function in one coordinate system, however, requires two steps in order to transform it to

another coordinate system, because a different set of component vectors is generally required. That

IS, we may be given a Cartesian vector: A=Aa,+Aya, +4,a,

Where each component is given as a function of x,y,and z, and we need a vector in cylindrical
coordinates: A =Aja, + Agay + Aja,.

Where each component is given as a function of p, ¢, and z.

To find any desired component of a vector, we recall from the discussion of the dot product that a
component in a desired direction may be obtained by taking the dot product of the vector and a unit
vector in the desired direction. Hence,

A =A.ap and A¢=A.a¢

p
Expanding these dot products, we have

A, = (Aya, +Aja, + A,a,).a, = Aya,.a, + Aja,.a,
Ay = (Aca, +Aya, + Aja,).a, = Aya.ag + Aya,.a,
A, = (Aya, +Aya, + Aja,).a, = A,a,.a, = A,

In order to complete the transformation of the components, it is necessary to know the dot products

a,.a,, a,.a,, ay.ags, and a,.ags. Applying the definition of the dot product, we see that since we
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are concerned with unit vectors, the result is merely the cosine of the angle between the two unit
vectors in question. Referring to Figure (1.12) and thinking mightily, we identify the angle between
a, and a, as ¢, and thus a,.a, = cos¢, but the angle between a, and a, is (90° — ¢), and
a,.a, = cos(90° — ¢) = sing. The remaining dot products of the unit vectors are found in a
similar manner, and the results are tabulated as functions of ¢ in Table (1.1).[1]

Table (1.1)

Dot product a, ag a,
a, cos ¢ —sin ¢ 0
a, sin ¢ cos ¢ 0
a, 0 0 1

1.9.2 between Cartesian and spherical coordinate system
The transformation of scalars from the Cartesian to the spherical coordinate system is easily made

by using Figure (1.11) to relate the two sets of variables:

x = 1 sinf cos¢ : y = 7 sinf sing : zZ =1 cosf
Table (1.2)
Dot product a, ag ag
a, sin 6 cos ¢ cos B cos ¢ —sin¢
a, sin @ sin ¢ cos 8 sin ¢ cos ¢
a, cos @ —sinf 0

The transformation in the reverse direction is achieved by
Z
r=+x2+y2+z2 (r=0) : 6 =cos‘1<
Jx? +y? +z2

The transformation of vectors requires the determination of the products of the unit vectors in

) (0° <6 <180) : d):tan‘l%

Cartesian and spherical coordinates. We work out these products from Fig. 1.11 and a pinch of
trigonometry. Since the dot product of any spherical unit vector with any Cartesian unit vector is the
component of the spherical vector in the direction of the Cartesian vector, the dot products with a,
are found to be:

a,.a, = cos0 : a,.ag = —sin0 : a,.a; =0

The dot products involving a, and a,, require first the projection of the spherical unit vector on the
xy-plane and then the projection onto the desired axis. For example a, .a, is obtained by
projecting a, onto the xy-plane, giving sin@, and then projecting sinf on the x-axis, which

yields sinf cos¢. The other dot products are found in a like manner, all are shown in Table 1.2.
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1.10 Differential, volume, surface, and line elements

1.10.1 In the Cartesian coordinate system

If we visualize three planes intersecting at the general point P, whose coordinates are x, y and z, we
may increase each coordinate value by a differential amount and obtain three slightly displaced
planes intersecting at point P’ whose coordinates are x + dx, y + dy, and z + dz. The six planes

define a rectangular parallelepiped whose
(1) Differential displacement is given by dL =dxa, +dya, +dza,

(2) Differential normal area (the surfaces areas dS) is given by

dS =dydzay;
dS = dx dza,,
dS =dx dy a,;
(3) Differential volume is given by dv =dx dy dz;

The volume element is shown in Figure (1.13); point P’ is indicated, but point P is located at the

only invisible corner.

" dxdy 1
1 dz
dydz | dudz

dy

dy

p— 1

X
Fig. 1.13 the differential volume element in Cartesian coordinates; dx,dy,and dz:are, in general,

independent differentials.

(a) (b) (©)

Fig. 1.14 Differential normal areas in Cartesian coordinates
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1.10.2 In the cylindrical coordinates system

A differential volume element in cylindrical coordinates may be obtained by increasing p, ¢, and z
by the differential increments dp, d¢ and dz. The two cylinders of radius p and p + dp, the two
radial planes at angles ¢ and ¢ + d¢ and the two “horizontal” planes at “elevations” z and z + dz
now enclose a small volume, as shown in Fig. 1.15, having the shape of a truncated wedge. As the
volume element becomes very small, its shape approaches that of a rectangular parallelepiped
having sides of length dp, pd¢ and dz. Note that dp and dz are dimensionally lengths, but d¢ is
not; pd¢ is the length.

(1) Differential displacement is given by dL=dpa, +pdpay+dza,

(2) Differential normal area is given by

dS=pdpdza,,

dS=dpdz ag,

dS=pdpdpay;

(3) Differential volume is given by dv=pdpdepdz.

z+ dz| 3| R \’: -
y: x L i R
P +dP\ Py it
pt dp\

Fig. 1.15 the differential volume unit in the circular cylindrical coordinate system; dp, pd¢, and

dz: are all elements of length.

{a) (b) (c)

Fig. 1.16 Differential normal areas in cylindrical coordinates
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1.10.3 In the spherical coordinate system

A differential volume element may be constructed in spherical coordinates by increasing r, 8, and
¢ by dr, d6, and d¢, as shown in Fig. 1.17. The distance between the two spherical surfaces of
radius r and r + dr is dr; the distance between the two cones having generating angles of 8 and
6 + d6 is rdf; and the distance between the two radial planes at angles ¢ and ¢ + d¢ is found to
be rsinf do¢.

(1) The differential displacement is dL=dra,+rdfag+rsinfdgay

(2) The differential normal area is

dS =r?sinf do d¢ a,;

dS =rsinf dr d¢ ag;

dS = rdrdf ag;

(3) The differential volume is dv =r?sin 6 dr df d¢

pd¢ =rsin 8 do

]

X

Fig. 1.17 the differential volume element in the spherical coordinate system.

o
<

r sin fdd ¥ sin 6d¢

(a) (b) (©)

Fig. 1.18 Differential normal areas in spherical coordinates
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Example 1.8:[1]
Transform the vector B = ya, — xa,, + za, into cylindrical coordinates.
Solution: The new components are
B, =B.a, = (ya, —xa, + za,).a, = y(a,.a,) — x(a,.a,)
=ycos¢p —xsing =psingpcos¢p —pcospsing =0
By = B.ay, = (ya, —xa, +za,).ay = y(a,.ay) — x(a,.a,)
= —ysing —xcos¢p = —psin?¢p —pcos?¢p = —p
B = —pay + za,
Example 1.9:[1]
Transform the vector G = (xz/y)a, into spherical components and variables.

Solution:
Xz XZ XZ
G, =G.a, = (7ax).ar = 7(ax.ar) = 751n0cos¢>

cos?

sin ¢
Xz

Gog =G ——(— ) =—( ) =— 0 [0)
.a a, ].a a,.a Cos ¢ cos
06 0 y X [*] y x40 y

G, =rsinf cos 0 = r cos 0 cos ¢ sin 6 cot P

cos? ¢

= 1 cos? 0 cos ¢ cot ¢

Gg = 7 cos? 0

G G (xz ) xz( ) xz( in )
=G.ay =|—a,).ay, =—(ay.ay) =—(—sin
¢ ¢ y x ¢ y x 9 y

Gy = —rcosfcos¢
G =rcosfcos¢ (sinfcotgpa, + cosf cotpag —ag)
Example 1.10:[2]
Given point P(—2,6,3) and vector A = ya, + (x + z)a,, express P and A in cylindrical and
spherical coordinates. Evaluate A at P in the Cartesian, cylindrical, and spherical systems.

Solution:

AtpointP:x =—2,y =6,z =3.Hence, z=3

— 2 2 — [(—9)2 2 — C o= -1y _ -16 _ _ 0
p=yx2+y?=(-2)2+(6)2=63 : ¢ =tan"'>=tan"' = = ~70.56

r=yx2+y2+z2=,/(-2)2+(6)2+(3)2=7

— -1 Z — -1 3 _ o
§ = cos (Jx2+y2+z2) €os (J(—z)2+(6)2+<3)2) 64.62
Thus,
P(-2,6,3) in Cartesian coordinate

P(6.32,—70.56°,3) in cylindrical coordinate
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P(7,64.62°,—70.56°) in spherical coordinate
In the Cartesian coordinate system, A at P(—2,6,3) is
A =6a, +a,
Vector A in the cylindrical coordinate system
A,=A.a, =[ya, + (x+2)a,].a,=ycos¢ + (x+2)sin¢
Ay =Aay = [yax +(x+ Z)ay].a¢> =—ysin¢ + (x + z) cos ¢
But x = p cos ¢, y = p sin ¢, and substituting in equations above, we get
A, =psingcos¢p + (pcos¢ + z)sing
Ap = —psin®¢ + (pcos¢ + z) cos ¢
~ A=[psingcos¢ + (pcos¢ +z)singla, + [—psin® ¢ + (p cos ¢ + z) cos pla,
In the cylindrical coordinate system, A at P(6.32,—70.56°,3) is
A = —0.9487a, — 6.008a,
Vector A in the spherical coordinate system
A, =A.a, =[ya, + (x +2)a,].a, = ysin@ cos ¢ + (x + z) sin O sin ¢
Ag = A.ag = [ya, + (x + z)a,].ag = y cos 0 cos ¢ + (x + z) cos 0 sin ¢
Ap =A.ay = |ya, + (x + 2)a,].ay = —ysing + (x + z) cos ¢
But x = rsin 6 cos ¢, y = rsin @ sin ¢, and z = r cos 8. Substituting in equations above, we get
A, =1rsin? @ sin ¢ cos ¢ + (rsin B cos ¢ + r cos §) sin O sin ¢
Ag = rsin6 cos 6 sin ¢ cos ¢ + (rsin b cos ¢ + r cos ) cos 0 sin ¢
Ay = —rsinB@sin® ¢ + (rsin 6 cos ¢ + 1 cos 0) cos ¢
A = r[sin? 6 sin ¢ cos ¢ + (sin 8 cos ¢ + cos B) sin 8 sin ¢p]a,
+ r[sin 6 cos 6 sin ¢ cos ¢ + (sin 6 cos ¢ + cos 6) cos O sin plag
+ r[—sin @ sin® ¢ + (sin 6 cos ¢ + cos B) cos Pplay
In the spherical coordinate system, A at P(7,64.62°,—70.56°) is
A = —-0.8571a, — 0.4066a5 — 6.008a,4
Example 1.11:[2]

Consider the object shown in Figure below. Calculate (a) The distance BC (b) The distance €D (c)
The surface area ABCD (d) The surface area ABO (e) The surface area AOFD (f) The volume

ABDCFO.

Solution:

The points are transformed from Cartesian to cylindrical coordinates as follows:
A(5,0,0) to A(5,0°0); B(0,5,0) toB(5,m/2,0);C(0,510)to C(5m/2,10)
D(5,0,10) to D(5,0°,10)
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(o, 5, 1

D(5.0, 10) il :

780, 5, 0)

-

\_“_’_v.___
‘_//-us, 0, 0)

(@) Along BC, dl = dz; hence, BC = [dl = f010 dz = 10

(b) Along €D, dl = pd¢ and p = 5,50, CD = [dl = [™*

o pd¢ =2.5m

(c) For ABCD, dS = pd¢dz, p = 5,50, ABCD = [ dS = fn/z

¢=0

[)2 pdzde = 251

/2

(d) For ABO, dS = pd¢dp, z = 0,50, ABO = [ dS = f¢=of;=0pdpd¢ = 6.25

5 10
(e) For AOFD, dS = dpdz, ¢ = 0°, 50, AOFD = [ dS = fp=0 J,_,dpdz =50
(f) For volume ABDCFO, dv = pdpd¢dz. Hence,

5 /2 10

v =fdv= f j depdql)dZ: 62.5m

p=0 =0 z=0
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PROBLEMS

1.[2] Given vectors A = a, + 3a, and B = 5a, + 2a, — 6a, determine (a) |A + B| (b) 5A — B (c)
The component of A along a,, (d) A unit vector parallel to 3A + B.
Answer: (a) 7, (b) (—2a, + 21a,), (c) 0, (d) £ (0.911a, + 0.227a,, + 0.34a,)
2.[2] Given points P(1,—-3,5), Q(2,4,6), and R(0, 3,8), find: (a) the position vectors of P and R,
(b) the distance vector ryp, (c) the distance between Q and R.
Answer: (a) rp = a, — 3a,, + 5a, : rz = 3a, + 8a,,

(b) rop = —2a, —a, +2a,(c)d =3
3.[1] Given points M(—1,2,1), N(3,-3,0), and P(—2,—3,—4), find: (a) Ryy; (b) Ryn + Ruyp;
(©) Iryl; (d) amp; (e) |2rp — 3ryl.
Answer: (a) 4a, — 5a, — a, (b) 3a, — 10a,, — 6a,

(c) 2.45(d) — 0.14a, — 0.7a, — 0.7a, (e) 15.56
4.[3] Given A = 2a, + 4a, —3a, and B=a, —a, find (a) A.Band (b) A X B.
Answer: (a) — 2 (b) — 3a, — 3a,, — 6a,
5.[1] A vector field S is expressed in Cartesian coordinates as
S={125/[(x —1D*+ (y - 2)* + (z + D*IH{(x = Da, + (y — 2)a, + (z + Da,}. (a) Evaluate
S at P(2,4,3). (b) Determine a unit vector that gives the direction of S at P. (c) Specify the surface
f(x,y,z) onwhich |S| = 1.
Answer: (a) 5.95a, + 11.9a, + 23.8a, : (b) 0.218a, + 0.436a,, + 0.873a,

©@Vx—1D2+(y—2)2+(z+1)2=125
6.[1] The three vertices of a triangle are located at A(6,—1,2), B(—2,3,—4) and C(—3,1,5). Find:
(@) Ryp; (b) Ryc; (c) the angle B4 at vertex A; (d) the (vector) projection of Ry 0n Ry
Answer: (a) — 8a, + 4a, — 6a, : (b) —9a, — 2a, + 3a,
() 53.6° (d) — 5.94a, + 1.319a, + 1.979a,
7.[2] An airplane has a ground speed of 350 km/hr in the direction due west. If there is a wind
blowing northwest at 40 km/hr, calculate the true air speed and heading of the airplane.
Answer: [379.3 km/hr : 4.275° north of west]
8.[2] Given vectors A = 3a, + 4a,, + a, and B = 2a, — 5a,, find the angle between A and B.
Answer: [83.73°]
9.[2] If A =a, + 3a, and B = 5a, + 2a,, — 6a,, find 6,p.
Answer: [120.6°]
10.[2] Let E = 3a,, + 4a, and F = 4a, — 10a,, + 5a,.

(a) Find the component of E along F.
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(b) Determine a unit vector perpendicular to both E and F.
Answer: (a) — 0.2837a, + 0.7092a, — 0.3546a,

(b) £ (0.9398a, + 0.2734a, — 0.205a,)
11.[2] Show that vectors A = 4a, —a,, B = a, + 3a, + 4a,, and C = —5a, — 3a, — 3a, form
the sides of a triangle. Is this a right angle triangle? Calculate the area of the triangle.
Answer: [yes : 10.5]
12.[2] Show that points A(5,2,—4), B(1,1,2), and C(—3,0, 8) all lie on a straight line. Determine
the shortest distance between the line and point D(3, -1, 0).
Answer: [A, B and C lie on a straight line : the shortest distance d = 2.426]
13.[1] (a) Give the Cartesian coordinates of the point C(p = 4.4, ¢ = —115°, z = 2). (b) Give the
cylindrical coordinates of the point D(x = —3.1, y = 2.6, z = —3). (c) Specify the distance from C
to D.

Ans: [C(x = 1.86,y = —3.99,z =2) : D(p = 4.05,¢p = 140°,z = —3) : 8.36]
14.[1] Transform to cylindrical coordinates: (a) F = 10a, — 8a,, + 6a, at point P(10,—8,6) (b)
G = (2x +y)a, — (y — 4x)a,, at point Q(p,¢,z) (c) Give the Cartesian components of H =
20a, —10ay +3a, at P(x =5,y =2, z = —-1).
Answer:
(a) (12.81a, + 6a,)
(b) (2p cos® ¢ — psin® ¢ + 5psin ¢ cos p)a, +
(4pcos®* p —psin*p +  3psingcosp)a, (c) Hy = 22.3, H, = —1.857, H, =3
15.[1] Given the two points, €C(—3,2,1) and D(r = 5,8 = 20°,¢ = 70°), find: (a) the spherical
coordinates of C: (b) the Cartesian coordinates of D: (c) the distance from C to D.
Answer: (a) C(r = 3.74,0 = 74.5°,¢ = 146.3°)

(b) D(x = 0.585,y = —1.607,z = 4.70) (c) 6.29
16.[1] Transform the following vectors to spherical coordinates at the points given: (a) 10a, at
P(x=-3,y=2,2z=4); (b) 10a, at Q(p =5, ¢ =30° z= 4); (c) 10a, at M(r =4, 0 =
110°, ¢ = 1200).
Answer: (a) (—5.57ar — 6.18ag — 5.55a¢)

(b) (3.90a, + 3.12a, + 8.66a,) : (c) (—3.42a, — 9.40ay)
17.[2] (a) Convert points P(1,3,5), T(0,—4,3), and S(—3,—4,—10) from Cartesian to
cylindrical and spherical coordinates.

(b) Transform vector Q to cylindrical and spherical coordinates.
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Jx?% + y? vz
ay — a,
VX2 +y?+2z2 Jx2+y? + 72
(c) Evaluate Q at point T in the three coordinate systems.
Answer: (a) P(3.16, 71.56°, 5) : P(5.91, 32.31°, 71.56°)
T(4, 270°, 3): T(5, 53.13°, 270°)

S(5, 233.1°, —10) : S(11.18, 153.43°, 233.1°)
(b) (p/v/p? +22)(cospa, —singpay —zsinga,);
sin 6 (sin 6 cos ¢ — r cos® @ sin ¢p)a, + sin @ cos 6 (cos ¢ + rsin O sinp)ag —sinfsinp ay

(c) (0.8a, + 2.4a,); (0.8a4 + 2.4a,) and (1.44a, — 1.92a4 + 0.8ay)

18.[2] Express vector B = (10/r)a, + rcosfay + ay
In Cartesian and cylindrical coordinates. Find B at (—3,4,0) and B at (5,%, -2).

Answer: In Cartesian coordinate

__lox xz? y
ot 4yi4z? [GZ )P +y2+22) (P +y2)
10y yz? x

B, = + +
Voxttyr+z? (2 +y) (2 +y2+22) J(Z+yD)
3 10z z+ (x% +y?)

x4y 422 [ty + 22)

at (-3,4,0) B = —2a, +a,

VA

In cylindrical coordinate

10p  z%.\/p%+z?2 10p  pz../p?+ z2

Bp=p2+zz+ 02 + 72 ; Bp=1 and BZ=p2+Zz_ 02 + 72
at (5,7,-2) B=2467a, +ay + 1.167a,
19.[2] Express the following vectors in Cartesian coordinates:
(@ A=pzsingpa, +3pcospay +pcospsinga,
(b) B=r?a, +sinfay
1
Answer: (a) A =——=[(xyz — 3xy)a, + (zy? + 3x?)a, + xya,|
x? + y?
1
(b) A= {[x(x? + y? + z2) —yla, + [y(x? + y* + z%) + x]a,

Jx? +y?% +z2
+2z(x? +y* + z%)a,}
20.[2] Refer to Figure shown below; disregard the differential lengths and imagine that the object is

part of a spherical shell. It may be describedas 3 <r <5, 60° < 6 <90°, 45° < ¢ < 60° where
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surface r = 3 is the same as AEHD, surface 6 = 60° is AEFB, and surface ¢ = 45° is ABCO.

Calculate

(@) The distance DH (b) The distance FG (c) The surface area AEHD (d) The surface area ABDC (e)

The volume of the object
Answer: (a)0.7854 (b)2.618 (c)1.179 (d)4.189 (e) 4.276

rd@

G

rsinf do
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